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Solution of an Elliptic Inverse Convection Problem
Using a Whole Domain Regularization Technique

A. Moutsoglou*
South Dakota State University, Brookings, South Dakota 57007

The inverse convection problem for developing laminar forced flow in a channel is investigated. The straight
inversion process is found to be susceptible to inherent random errors introduced either by the numerical
computations and/or experimental errors. In order to overcome the ill-posed behavior associated with inverse
problems, a whole domain regularization scheme tailored for elliptic differential equations is employed in solving
the governing energy equation. The methodology is found to be effective in curbing the ill-posed symptoms
inherent in inverse problems. When a simple smoothing procedure is tested in conjunction with a straight
inversion scheme, it fails to alleviate such symptoms and exhibits highly unstable results.

Nomenclature

= matrix of coefficients, Eq. (11)

= dimensionless standard deviation of the bottom wall
temperature, Eq. (20)

= matrix of constants, Eq. (14)

Gaussian random error

channel width, m

thermal conductivity, W/m - K

length of channel, m

number of axial grid points excluding the channel inlet

dimensionless pressure

= pressure, Pa

= Prandtl number

= matrix of top wall heat flux corrections, Eq. (13)

= dimensionless top wall local heat flux g, - o/@res

= Reynolds number 2aH/ v

00/9qr,;, sensitivity function

augmented sum, Eq. (6)

temperature, K

dimensionless axial and transverse velocity

components

axial and transverse velocity components, m/s

average velocity, m/s

coefficient of zeroth order regularization term

coefficient of first order regularization term

dimensionless axial and transverse coordinates

dimensionless channel length

= axial and transverse coordinates, m

= heat flux sensitivity coefficient of the bottom wall,
Eq. (12) or (18)

= regularization parameter

top wall heat flux correction

= dimensionless axial stepsize

= Kronecker delta

additive error, Eq. (20)

= dimensionless temperature

= kinematic viscosity, m2/s

= density, kq/m3

= root mean square error of the dimensionless estimated
top wall heat flux, Eq. (5)
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Introduction

NVERSE convection problems arise in instances when a

surface in contact with a moving fluid is inaccessible to
instrumentation and no information with regard to the surface
thermal boundary conditions is available. The inverse convec-
tion problem is defined as the estimation of the heat flux
and/or temperature distribution on a surface (boundary) from
measured temperature and heat flux distributions along a
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different surface (boundary) which are in thermal commun-
ication via a moving fluid. The ill-posed nature of inverse
problems in convective heat transfer environments was re-
cently investigated for free convection flow in a channel.! The
study revealed that inverse convection problems exhibit trends
characteristic of inverse conduction problems. That is, inverse
problems fail to satisfy the stability condition that ensures
that small changes in data will result in small changes in the
solution. Thus, arbitrarily small fluctuations of surface heat
flux and/or temperature data arising from inaccuracies in
experimental measurements or inherent computational errors,
as evidenced by the present study, may result in highly os-
cillatory and unstable estimations of the surface temperature
and heat fluxes. In Ref. 1, the governing conservation equa-
tions for free convection flow in a channel were parabolized,
and the ill-symptoms of the inversion procedure due to su-
perposed random fluctuations on the direct input data were
alleviated by a sequential function specification scheme de-
vised by Beck? specifically for the inversion of the parabolic
heat diffusion equation.

In this study, a whole domain regularization technique de-
veloped by Tikhonov and Arsenin® and tailored for elliptic
differential equations is adapted for forced convection flow
in a channel. The performance of the inverse methodology
is assessed for elliptic convective flows and compared to that
of a straight inversion scheme with and without a simple
smoothing procedure.

Direct Convection Problem
Analysis

In order to provide input data for the inverse problem as
well as a criterion for evaluating the performance of the in-
verse methodology, the direct heat transfer problem is ana-
lyzed first.

The study is concerned with forced flow of air in a hori-
zontal channel as shown in Fig. 1. The top surface of the
channel is being heated while the bottom surface is insulated.
The direct heat transfer problem is defined as one for which
thermal boundary conditions are prescribed at both channel
walls.

The steady two-dimensional laminar flow equations were
nondimensionalized via the following parameters:

__2x -2 _u _VRe
X‘HRe’ Y_H’ U‘a’ V= 72
T-T, D — Dy
:k N P= ~
qrefH pu2 1)

where H is the channel width, # is the average velocity, T,
and p, are the uniform temperature and pressure at the
inlet of the channel, g, is some reference heat flux, and Re
is the Reynolds number based on the hydraulic diameter,
Re =2uH/v.
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The governing dimensionless system of equations can then

be expressed as

oU a3V
ax Tar =0 (22)
aU U 8P 4 RU U
Uax™Vor~™ ax TR ax2 Vv (2b)
ax ' 3Y 4 Y Re?ox® ay? (20)
0 3 4 30 130
Ziy= = 22 2
U8X+VBY PrRe? 0X? PraY? (2d)

where the buoyancy force in the Y-momentum equation has
been neglected, and Pr is the Prandtl number of the fluid.
In specifying the relevant boundary conditions, uniform ve-
locity and temperature profiles were assigned at the inlet of the
channel. The boundary conditions can thus be written as

U=1, V=0, P=0, 6=0atX =0 (3a)

U=0, V=0atY=0 and Y =1 @3b)

i (5] i (5]

a—l;=—qT(X)atY=0, a—);=0atY=1 3¢)
where g7 is the prescribed heat flux at the top surface of the
channel, nondimensionalized with respect to the reference heat
flux q.s. As no information is available with regard to the
outflow boundary, a local one way behavior for the velocity
and temperature fields is assumed at the exit of the channel.
As a result, the axial diffusion of viscous forces in the X- and
Y-momentum equations and the axial diffusion of heat in the
energy equation are set equal to zero only at the channel exit,
eliminating the need for any outflow boundary condition. An
assumption such as this is only justified if the corresponding
diffusion coefficients of these terms are sufficiently small, a
condition that requires high Reynolds and Peclet numbers.
However, in view of the lack of any other outflow informa-
tion, these conditions were assigned in this problem, and the
absence of any flow recirculation justified their use.

Computational Procedure and Results

The elliptic governing conservation equations for momen-
tum and energy, Eqs. (2) and (3), were solved by the Simpler
algorithm of Patankar.* In the finite difference procedure, the
power law scheme was employed for treating the convection-
diffusion terms. The iterative procedure utilized the tridiago-
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Fig. 1 Flow schematic and coordinate system.
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nal matrix algorithm of Thomas in solving the resultant alge-
braic equations.

The direct heat transfer problem described by Eqgs. (2) and
(3) was solved for a prescribed dimensionless triangular heat
flux g7(X), Eq. (3¢), at the top surface of the channel.

&X— for X = Xn/2
XN
qr{(X) = 20X
20— —— for X = Xn/2 @
Xn

The dimensionless channel length was fixed at Xy = 0.1, and
the Reynolds number and Prandtl number were assigned, re-
spectively, the values of Re = 50 and Pr = 0.7. In generating
the finite difference mesh, 43 grid points were deployed in the
transverse direction. In the streamwise direction, the grid
points were placed at equal distance apart AX = X,/N, where
X is the dimensionless length of the channel, and N + 1 is the
total number of axial grid points as indicated in Fig. 1. The
dimensionless temperature variation of the bottom insulated
wall ©5,(X), obtained from the direct heat transfer problem
employing 21 axial grid points (N =20, AX =0.005) is depicted
in Fig. 2 with the symbol + .

The discrete data 0 3,(X;) at the N = 20 locations away from
the inlet simulate a priori the errorless readings that perfect
temperature sensors with zero instrument error, located at
these twenty X; (i =1,2,. . .,20) locations at the adiabatic wall
would have recorded if the triangular heat flux assigned by Eq.
(4) was prescribed at the heated top channel wall. This dimen-
sionless bottom wall temperature Oz4(X;), obtained from the
solution of the direct problem with AX = 0.005 (N = 20), is
referred to as ‘‘exact’ data and is used as an input to the
inverse problem. With the velocity and temperature profiles
being uncoupled for the forced convection problem consid-
ered, the velocity field U and V as determined from the above
direct solution with AX = 0.005 (V = 20) is stored for input to
the inverse calculations at the 20 axial locations that the sen-
sors are located.

Inverse Convection Problem

For the inverse convection problem, the temperature distri-
bution of the insulated bottom wall ©,4(X) is now provided
as an input; whereas no information is available with regard to
the heat flux or temperature variation of the top wall. Esti-
mates for those quantities, namely ¢r(X) and (X)), consti-
tute the objectives of the inverse methodology. Thus, the ther-

0.25
N=20, AX=0.005
*
mo4zo + C=0
- *

‘z. < C=0.001
kS .
@,
6 0.15
o‘ »
£
)
|_
= 3
©
=Zo0.10 .
§
g .
m *

0.05

t
-
*
*
* !
0.00 —t et S T

T T T T T T
0.000.010.02 0.030.040.050.060.070.080.090.100.11

Axial Location, X
Fig.2 ‘‘Exact” bottom wall temperature at the 20 sensor locations
with and without superposed instrument errors.
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Fig. 3 Estimation of the top wall heat flux using 20 errorless sensors;
-—prescribed flux; straight inversion (SI); zeroth order regularization
(ZOR).

mal boundary conditions appropriate for the direct problem,
Eq. (3¢c), are now replaced by

90 ,
aY—O atY=1 B¢’
where Op(X) is the prescribed temperature variation of the
bottom wall.

In the direct convection problem, a thermal boundary con-
dition is prescribed for each surface; whereas the inverse prob-
lem involves the prescription of both boundary conditions on
one surface. A standard procedure to circumvent this diffi-
culty, referred to herein as the straight inversion, would utilize
the solution algorithm of the direct problem along with a least
squares method coupled with a Newton-Raphson iterative
scheme.

When the exact bottom wall temperature data ©p,(X;) were
prescribed in Eq. (3¢’) for the inverse problem with all 20
sensors being active (N = 20, AX = 0.005), the straight inver-
sion scheme mentioned above produced the erratic oscillating
heat flux for the top wall depicted with an asterisk (*) in Fig.
3. Thus, even when the input data for the bottom wall temper-
ature are supplied from the direct solution without any super-
posed random errors, the straight inversion fails soundly in
reproducing the triangular heat flux for the top wall prescribed
by Eq. (4) and shown as a solid line in Fig. 3.

To assess the performance of the inverse methodology, a
quantitative criterion can be established by defining a root
mean square error of the dimensionless estimated top wall heat
flux o

0=0p(X) atY=1,

1 & v |
o= [ITJ Y (@i — QTc,i)z] &)
=1

where gr and g7, are, respectively, the prescribed (Eq. 4) and
computed values of the dimensionless top wall heat flux. Thus,
the straight inversion employing all 20 sensors produces an
unacceptable root mean square error of ¢ = 8.24.

Now, starting from the first sensor, if every other sensor is
made inactive, this would simulate a setup of attempting to
predict the top wall heat flux using only 10 sensors spaced
equally along the bottom wall with AX =0.01 and N = 10.
The readings of these 10 errorless sensors would then corre-
spond to the exact data ©z,4(X;) at the 10 locations X; = X,,
X4, X5 . - - 5 X290, as depicted in Fig. 2 by the symbol + . The
straight inversion using only 10 sensors with AX = 0.01 pro-
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Fig. 4 Estimation of the top wall heat flux using 10 errorless sensors;
—prescribed flux; straight inversion (SI); zeroth erder regularization
(ZOR).

vides the less erratic o = 1.44 but still not quite satisfactory
distribution denoted by an asterisk in Fig. 4.

If, furthermore, one uses only five equally spaced sensors
located at X; = X4, X3, X1z, Xis, and X, the straight inver-
sion using the zero instrument error readings ©z,(X;) for the
bottom wall temperature at these locations with N =5 and
AX =0.02, produced the mediocre distribution (¢ = 3.51)
shown by an asterisk in Fig. 5. It is worthwhile to note that in
the inversion with N = 10 and N = 5 sensors, respectively, the
exact velocity data U; and V; obtained with AX = 0.005
(N = 20) and stored at the respective ten and five locations
were utilized.

The poor performance of the straight inversion scheme with
errorless data from the direct convection problem for all three
cases deserves some attention. In all inverse heat transfer
problems of which this author is aware, including inverse
conduction problems’® and the inverse convection problem,!
the ill-posed nature of the straight inversion scheme was re-
vealed by superposing random errors to the temperature data
obtained from the direct solution. One would have expected
the straight inversion employing the exact errorless input data
Opy with N = 20 (AX = 0.005) to predict the top wall heat flux
with a negligible root mean square error instead of the un-
stable distribution (*) of Fig. 3. One would further expect that
using fewer errorless sensors would deteriorate the perfor-
mance of the straight inversion scheme with the distortion
greatly depending on the degree of axial variation of the top
wall heat flux.

The present results are indicative of the degree of severity of
the ill-posedness of the inversion scheme to small random fluc-
tuations apparently introduced via the numerical algorithm.
It should be stated that the numerical calculations were carried
out in double precision arithmetic. Thus, unless the exact tri-
angular heat flux of the top wall as prescribed by Eq. (4) is
assigned as the initial guess for the least squares method and
Newton-Raphson iterative scheme, the solution converges to
the erratic distribution (*) shown in Fig. 3. When fewer sen-
sors are used, even though the lack of information at the now
inactive sensors has a tendency to hinder the performance of
the inversion process, the resulting larger axial stepsizes due to
fewer sensors have a stabilizing effect on the inversion, and
the root mean square error decreases as noted (*) in Fig. 4 for
N =10. The further decrease in the number of sensors to
N = 5 results in a root mean square error which is larger than
that for N = 10, as the lack of information of the inactive
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sensors becomes more crucial than the subsequent stabilizing
effect of larger axial stepsizes, as seen (*) in Fig. 5.

In an effort to verify the validity of the straight inversion
algorithm used, the direct heat transfer problem was recom-
puted using an axial stepsize of AX = 0.01 (N = 10). When the
temperature of the bottom wall from the direct heat transfer
solution with AX = 0.01 (N = 10) was assigned to the inverse
problem, the straight inversion algorithm with N = 10 repro-
duced the triangular top wall heat flux to a rémarkably accu-
rate degree with a root mean square error of better than
o = 0,007. Similarly, when the direct problem was solved using
an axial stepsize of AX = 0.02 (N = 5), the straight inversion
with the errorless input data for the bottom wall temperature
for N = 5 predicted the top wall heat flux extremely accurately
with a root mean square error of less than ¢ = 0.0002. The
above two tests, even though they do not convey any physi-
cally significant message, serve to verify the numerical credi-
bility of the inversion algorithm and attribute the proneness to
failure of the straight inversion scheme to the smallness of the
axial stepsize utilized.

Whole Domain Regularization Technique

To correct the ill-posed nature of inverse problems, a regu-
larization scheme devised by Tikhonov and Arsenin® is
adapted for the convection problem considered. A detailed
description of the procedure is given in Beck et al.,® and only
a relevant summary is repeated here. The regularization proce-
dure is a technique that modifies the least squares approach by
adding factors to reduce the inherent oscillations of ill-posed
problems. The whole domain regularization scheme which is
best suited for elliptic differential equations involves the mini-
mization of an augmented sum of squares function s

N
s =Y ©pmi — Op.,)
=1

N N-1
+ a[ WoY, ari+ Wi Y, @rivi— QT,i)Z] ©)
=1 i=1

where again N is the number of grid points along the wall away
from the inlet that coincide with the measurement stations,
Oz, and Op. are, respectively, the measured and computed
temperatures of the bottom wall, and « is the regularization
parameter. The summation in Eq. (6) that is preceded by W,
is called the zeroth order regularization term. If W, =0 the
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Fig. 5 Estimation of the top wall heat flux using five errorless sen-

sors;—prescribed flux; straight inversion (SI); zeroth order regulariza-
tion (ZOR).
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minimization of Eq. (6) is referred to as the zeroth order
regularization procedure. In the same manner, the summation
in Eq. (6) that is preceded by W, is called the first order
regularization term, and if W, = 0, the procedure is referred to
as the first order regularization method. Higher order terms
involving second and higher differences of the heat flux com-
ponents of the top surface gr may be included in Eq. (6), but
it is not as common. When the regularization parameter « is
set equal to zero, exact matching is obtained, and the solution
is sensitive to the ill-posed nature of inverse problems as it
regresses to the straight inversion scheme. However, by prop-
erly selecting «, instabilities may be eliminated as the regu-
larization terms tend to reduce the maximum magnitudes of
estimated values of the top wall heat flux gr.

To formulate the regularization procedure, the summation
function s given by Eq. (6) is first minimized with respect to
qri, where i = 1,2, .. .j,...N, togive

a. a0
S 0= —2Opm1 — Opey) 2
dgr,1 agr.
0
~2(O@5m2 = Oped) 5 =,
qT,1
700
~ 2(OmN ~ Open) T2 + 20Wogr)
aqr
+ 2aWy(gr,1 — qr2) (7a)
3s 9065,
=0=—2(Opm; - O e,
aqT,j ( ’Bm, 1 Bc,l) aqT,J
200
= 2Opn2— 0502 Bez ...
qar.i
a0
= 2@5mn ~ Open) S = + 2aWodr
qT,;
+2aW\(—qrj_i +2971; — qr.j+1)
forj=23,...,N-1 (7b)
as a0
= 0= ~2(Opn1 ~ Op;1) T2
oqr,n aqrn
20
— 2(©8m,2 — 952 3 Be2 _ L.
qr.N
20 .
- 2(Ogmn — Ose,N) ) Bl v 2aWoqrn
qT.N
+ 2aWigr.n — gr.n-1) (79

Next, since Op.; = Op.:(¢r.1,472> - - - »47,N), ONE can expand

from a Taylor series to get

3095.; LIS T
Op,; = 0%pi + B Aqr + e Aqr,2
g, oqr,>
ST
..... + Be, + AqTN
dqr.N
fori=12,...,N )

where ©*p,; denotes the current computed values of the bot-
tom wall temperature based on the guessed values of the top
wall heat flux g*r;. The Agr; are the associated corrections to
the guessed top wall heat flux and represent the main objective
of the inversion algorithm since

qT_i=q*7~,i+AqT,; fori=12,...,N (9)

Substituting for Op,; and qr;, respectively, from Egs. (8)
and (9) into the system of Egs. (7) and rearranging in a matrix
form one gets

[411Q] = [D] 10)
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In the above equation, the matrix of coefficients [4] is given as the symmetric square matrix
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where Z, ; is the heat flux sensitivity coefficient of the bottom
wall, defined by

— a eBc,i

Ziy= S a2

Also, in Eq. (10) the column matrix of unknowns for the top
wall heat flux corrections [Q] and the column matrix of con-
stants [D] are given, respectively, from

[ Aqr,: ]
Aqr

Q1= | Aqr; 13)

_Aq. T,NJ

4=
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coefficients Z;; could then be determined, since from Eq. (12)
and the definition of S; one has
Zj=S8jatY=1 fori=1,2,...,N (18)
The solution algorithm for the inverse problem involves the
following steps. First the velocity field U and ¥, as determined
once from the solution of Egs. (2a-2c¢) along with the
boundary conditions Egs. (3a) and (3b), is read as an input.
Next, the top wall heat fluxes g *; are arbitrarily guessed as in
Eq. (15). The temperature field O is then solved from Eq. (2d)
based on the guessed top wall heat fluxes and the adiabatic
condition on the bottom wall, Eq. (3¢). The sensitivity coeffi-
cients for the bottom wall Z; ; are estimated from Eq. (18) after
solving for the sensitivity functions S; from Egs. (16) and (17).
The top wall heat flux corrections Agr,; can then be evaluated
from Eq. (10). New estimates for the top wall heat fluxes are
thus obtained from Eq. (9), and the procedure is repeated until

the heat flux corrections become negligible, in this case smaller
than 1074,

(Opm,i — O )21 — a(Wo + Wi)g*r1 + aWig*r;

N i=1
Y Osmi —0*3)Zi2 + aWig* 11 — Wy + 2W)g*12 + aWig*rs
=

N
iD]= E Opmi —O%pc)Z;; + aWyq*rj 1 — Wy + 2W)q*7; + aWig* 141 (14)
=1

0=

| i=1

In the computational procedure, guessed values are arbitrar-
ily assigned for the dimensionless top wall heat fluxes
qr,,-=q*r,,- fori=12,...,N (15)
To estimate the sensitivity coefficients Z;; defined from Eq.
(12), the energy equation [Eq. (2d)] along with the associated
thermal initial and boundary conditions, Eq. (15) for the top
wall (Y = 0) and insulated condition for the bottom wall {Eq.
(3c)] at Y = 1, are differentiated with respect to the dimension-
less unknown heat flux of the top surface gr,;. With S; = 96/
dqr,;, there results for each j = 1,2,..., N

a8 _ 4 ¥ 1 16

A A —_—
U6X+ dY PrRe?dX? Pray?

i

aS/ as;
j al 0 I3% o;a 7Y Qat Y =1

fori=12,...,N 17

In Eq. (17), §; is the Kronecker delta. Equations (16) and (17)
constitute a set of N systems of differential equations for the
sensitivity function §; for each j = 1,2,..., N, where again N
is the number of streamwise grid points along the wall away
from the inlet. It is noted that due to the ellipticity of Eq. (16),
the upstream nodal sensitivities do implicitly depend on the
downstream sensitivity functions. Each set of Eqgs. (16) and
(17) was solved by the same Simpler algorithm* used for solv-
ing Egs. (2) and (3). From the solution of each set
(j =1,2,..., N) of Egs. (16) and (17), and array of sensitivity

©Orm,i — O*pc)Zin + aWig*rn_1 — a(Wo+ W))g* N

It is noted that even though the inverse problem considered
in this study is linear, the procedure outlined in this section
could be applied in exactly the same manner for nonlinear
convection problems.

Results

To assess the success of the inversion scheme in curbing the
ill-posed effects of the inverse convection problem manifested
in Figs. 3, 4, and 5, the regularization algorithm was tested
when the exact bottom wall temperature data ©z4(X;), ob-
tained from the direct solution with N =20 (AX = 0.005),
were prescribed in Eq. (3¢’). When the regularization parame-
ter « is set equal to zero, exact matching is obtained and the
results are those of the straight inversion scheme depicted by
an asterisk (*) in the three figures. Results for the top wall heat
flux variation using a zeroth order regularization scheme,
W, =1, W; = 0in Eq. (6) are depicted with the symbol e in the
three figures. The regularization parameter was assigned the
values of o = 1 x 10711, 1 x 106, and 2 x 1075, respectively,
in Figs. 3, 4, and 5, corresponding to the number of active
sensors of N = 20, 10, and 5. In contrast to the highly oscilla-
tory results of the straight inversion scheme (*) that tend to
become unstable as the axial stepsizes decrease, relatively good
agreement prevails in all three figures between the predictions
of the regularization scheme (o) and the prescribed triangular
top wall heat flux indicated by a solid line. The degree of
success of the regularization scheme in curbing the ill-posed
nature of the inversion process is manifested by the relatively
low root mean square errors of ¢=0.234 for N =20,
o =0.755 for N = 10, and ¢ = 1.53 for N = 5 as shown in the
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three figures. As expected the performance of the inversion
scheme deteriorates as less information is provided with fewer
Sensors.

Of major significance to the success of the regularization
scheme is the appropriate choice of the regularization parame-
ter a and to a lesser extent the choice of the order of the
regularization technique. For a given regularization order, the
optimum value of o that results in the best match and mini-
mum root mean square error for the top wall heat flux depends
on the physical problem itself, the number of active sensors
used (i.e., magnitude of axial stepsize), and the standard devi-
ation of the random instrument errors, if any. The results of
the regularization algorithm presented in Figs. 3, 4, and 5,
correspond to the optimum estimates obtained with regard to
both the order of regularization and the regularization param-
eter. To illustrate the effects of the regularization parameter
and the regularization order on the effectiveness of the inver-
sion algorithm, the root mean square error ¢ of the top wall
heat flux predictions using, respectively, a zeroth order, a first

4.0
N=10, C=0.001 N
**] — Zeroth Order / )
5.0 —-— First Order /
-------- Zeroth Plus First Order
2.5 /

Standard Deviation, ¢
~N
o

0% w0 0™ 10 v w07 10t 0t w0t
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Fig. 6 Effect of the regularization parameter and the regularization
order on the estimation of the top wall heat flux using 10 errorless
sensors.
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Fig. 7 Estimation of the top wall heat flux using 20 sensors with a
standard deviation of C = 0.001;—prescribed flux; straight inversion
(SD); zeroth plus first order regularization (ZPF).
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order, and a combined zeroth plus first order regularization
scheme (W, =1, W, = 1), is plotted as a function of the regu-
larization parameter in Fig. 6 for the setup with ten (N = 10)
active errorless sensors.

In practice, there are no perfect errorless sensors, and the
bottom wall temperature variation is not prescribed from the
solution of a direct problem but rather is acquired from local
measurements that contain experimental errors. As such, the
axial variation of the bottom wall temperature ©p,,(X), where
subscript m denotes measured profile, will slightly differ than
that of Oz4(X). To account for this unavoidable discrepancy
due to random errors inherent with any measuring device, the
measured bottom wall temperature Op,,(X) is simulated by
superposing small random errors to the bottom wall tempera-
ture ©,4(X) obtained from the solution of the direct problem.

Opm (X)) = Opa(XD) + € a19)
The additive errors ¢; are written as
¢ = Ce; (20

where e; are the Gaussian random errors of mean zero and
standard deviation of unity, and the constant C is chosen to
make the standard deviation of ¢; equal to the desired value.

To illustrate the magnitude of the random noise, the bottom
wall temperature data with superposed errors, Op,,(X), are
also depicted in Fig. 2 with the symbol * for a standard devia-
tion of C = 0.001.

First, the straight inversion algorithm was implemented with
random errors superposed on the bottom wall temperature
obtained from the direct solution as implied from Egs. (19)
and (20). Results for the axial variation of the dimensionless
heat flux of the top wall g+(X) for Gaussian random errors
with standard deviation of C = 0.001 are shown in the insets of
Figs. 7 and 8, and in Fig. 9, respectively, for each of the setups
with N = 20, 10, and 5 active sensors. In each figure, the solid
line represents the heat flux prescribed by Eq. (4). The top wall
heat flux data predicted from the straight inversion, denoted
by an asterisk (*) in each figure, possess the characteristics of
ill-posed problems, i.e., highly oscillatory results that tend to
become unstable as the axial stepsizes decrease. The root mean
square errors for the top wall heat flux are of the order of
o=5x10° for N = 20, ¢ = 262 for N = 10, and ¢ = 5.37 for
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'Fig. 8 Estimation of the top wall heat flux using 10 sensors with a
standard deviation of C = 0.001;—prescribed flux; straight inversion
(SI); smoothing (SMO); zeroth order regularization (ZOR).
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Fig. 9 Estimation of the top wall heat flux using five sensors with a
standard deviation of C = 0.001;—prescribed flux; straight inversion
(SI); zeroth order regularization (ZOR).
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Fig. 10 Heat flux sensitivity coefficients of the bottom wall for the
first sensor located at X3 = Xn/NV.

N =35, significantly larger than the corresponding errors
shown in Figs. 3, 4, and 5, when the straight inversion was
utilized with zero instrument error sensors.

Next, the whole domain regularization technique was tested
with random errors superposed on the bottom wall tempera-
ture in simulating sensor readings possessing instrument errors
with a standard deviation again of C = 0.001. Optimum esti-
mates for the top wall heat flux using the combined zeroth and
first order regularization scheme (W, = 1,W, = 1) for the case
of 20 active sensors (N = 20) are depicted in Fig. 7 with the
symbol e. The regularization technique is remarkably success-
ful in curbing the magnification of the ill-posedness of the
inversion due to instrument error of the sensors used for
recording the bottom wall temperature. The root mean square
error of the top wall heat flux is now a mere ¢ = 0.484.

Optimum results for the top wall heat flux employing, re-
spectively, only 10 active sensors (N = 10) and five active sen-
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sors (N = 5) with standard deviation of C = 0.001 were ob-
tained using the zeroth order regularization scheme (W, =1,
W, = 0). These estimates are depicted, respectively, in Figs. 8
and 9 with the symbol e providing corresponding root mean
square errors of o = 0.695 for N =10and 6 = 1.53 for N = 5.
As observed before, the performance of the regularization
procedure deteriorates as fewer active sensors are utilized in
the inversion process. A comparison among the root mean
square errors employing the same number of sensors with and
without measurement errors reveals that the effectiveness of
the regularization procedure becomes insensitive to instrument
errors as fewer sensors (larger stepsizes) are utilized.

The sensitivity of the inversion scheme to the sensor inter-
space and number of sensors employed can be established
from a study of the sensitivity coefficients Z;;. Such a study
provides valuable information in the design of the experimen-
tal setup as the total number of streamwise grid points N and
related axial stepsizes utilized in the inversion scheme corre-
spond directly to the number of sensors and sensor interspace
employed. As the velocity and temperature profiles are uncou-
pled for the forced convection problem considered, the sensi-
tivity coefficients obtained via the solution of Eqgs. (16) and
(17) are independent of the temperature solution and conse-
quently of the standard deviation C of the random measure-
ment errors of the bottom wall temperature.

The streamwise variation of the bottom wall sensitivity coef-
ficient for the first sensor Z, ;, located at X; = Xn/N, is illus-
trated in Fig. 10 for each of the three various setups with
corresponding number of sensors of N = 20, 10, and 5, respec-
tively. With the sensitivity coefficient Z;; being a measure of
the information available with regard to the heat flux at X;
from all the sensors located at X, j = 1,2,. . . N, the degree of
the severity of the ill-posedness of the inversion process is
inversely proportional to the magnitude of the sensitivity coef-
ficients. The smaller the sensor interspaces (larger N) the
smaller the corresponding sensitivity coefficients and the
larger susceptibility to measurement errors. This is manifested
via the magnitude of the root mean square errors ¢ of the
predicted top wall heat fluxes illustrated in Figs. 7, 8, and 9,
when the straight inversion is used with random instrument
errors of standard deviation C =0.001. Thus, the setup with
only five active sensors (N = 5) results in the largest sensitivity
coefficients and the smallest, but yet unsatisfactory, root mean
square error of o =5.37 (Fig. 9). As the number of active
sensors increases to the respective setups of N = 10 and 20,
the smaller sensitivity coefficients signify larger susceptibility
of the inversion scheme to measurement errors as attested
from the rapidly increasing order of magnitude of the root
mean square errors shown in Figs. 8 and 7, respectively. Of
course, the obvious disadvantage of large stepsizes (small N) is
their inability to yield pertinent information with regard to
abruptly changing top wall heat flux variations as witnessed
from Fig. 9.

The axial variation of the bottom wall sensitivity coeffi-
cients for all the sensors for the case of N = 10 are plotted in
Fig. 11. The sensitivity coefficients decrease with downstream
located sensors as the curves are displaced AX apart. As seen
from the figure, since Z;; is approximately equal to zero for
Jj <i, little or no information is available with regard to the
heat flux at X; from the upstream sensors. This is also an
indication that the ellipticity of the sensitivity equation via the
axial diffusion term, Eq. (16), is not severe.

Finally, the accuracy of a simple smoothing procedure is
tested by comparison with the results of the regularization
scheme. The procedure involves the initial smoothing of the
data for the bottom wall temperature profile containing ran-
dom instrument errors coupled with a straight inversion
scheme. After having added the random errors to the bottom
wall temperature obtained from the direct solution, the noisy
data were smoothed using a cubic spline data smoother (IMSL
subroutine ICSSCV) that required no special information with
regard to the input data. The ICSSCV routine calculates a
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Fig. 11 Heat flux sensitivity coefficients of the bottom wall for all 10
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cubic spline curve which smooths a given set of data points
employing statistical considerations in determining the amount
of smoothing required. The predictions of the direct straight
inversion algorithm for the top wall heat flux using the
smoothed data as an input for errors with standard deviation
of C = 0.001 and for the case of N = 10 are depicted with the
symbol + in the inset of Fig. 8. As can be attested from the
figure and the magnitude of the associated root mean square
error, ¢ = 96, the initial smoothing of the corrupted data and
the subsequent straight inversion produce a smaller root mean
square error than the case with no smoothing but fail to allevi-
ate the unsteady oscillations inherent with direct inversion
schemes of ill-posed problems. This is in contrast to the com-
mendable performance of the same smoothing routine in the
related inverse free convection problem.! The inconsistency in
the performance of the smoothing routine is due to its depen-
dence on the severity of the ill-posedness of the inverse prob-
lem. Neither the whole domain regularization scheme used in
this study nor the sequential function specification scheme
employed in Ref. 1 suffer from such a condition. When a large
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number of sensors are implemented, the performance of the
whole domain regularization scheme may be improved if the
error containing data are initially treated with a smoothing
routine like the one employed in this study.

Summary

It is important to note that the aforementioned trends and
discussion with regard to the performances of the straight
inversion and whole domain regularization schemes are perti-
nent to the specific problem and prescribed conditions im-
posed. For the parameters considered, the present study illus-
trates that the inverse problems may be extremely sensitive to
inherent fluctuations introduced during the numerical compu-
tations and/or inherent random experimental errors.

The whole domain regularization scheme that is tailored for
elliptic inverse problems is shown to successfully curb the ill-
posed symptoms of the weakly elliptical inverse convection
problem considered. The choice of the regularization parame-
ter is found to significantly affect the performance of the
inversion algorithm, and the determination of the optimum
value of « in a real situation may require some knowledge on
the basic shape of the unknown heat flux and/or an estimate
of the measurement errors. Sensitivity coefficients that are
indicative of the severity of the ill-posedness of the inverse
problem are illustrated for the three setups considered. Fi-
nally, a simple initial smoothing of the tampered input data for
the bottom wall temperature along with a straight inversion
scheme fail to rid the ill-posed symptoms associated with in-
verse problems.
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